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1 Motivations

e Sleep stage is related to health. We want to estimate the real sleep stages
with the observation data so as to enhance the convenience and efficiency
of diagnosis.

e This project will use the hidden Markov models and codebook method to
classify the observation states, compute the transition and the emission
matrix, and predict the hidden states.

2 Codebook

Goal: Given a time sequence X = {X;}7_;, how to find a function f such that
f:X —={1,2,..., K} for some predetermined K € N ?

Definition 1 (Method 1: K-means). Vk € {1,2,..., K'}, we define C,ii) ={z; €
X | ‘xj —M,E?H < ‘xj — i, vk £ k)

Repeat this process; then, we set f(z;) = k, if z; € Cliﬁnal)‘ The function f
classifies all elements in X into K distinctive classes.

e Advantage: Low complexity and no requirement of the labels information

e Disadvantage: Different initial mean yj, causes different clustering, and
low stability of the algorithm.

After having labeled (T datas) by the experienced, cluster the others by K-
mearn.

Definition 2 (Method 2: Adjusted K-means). Given a time sequence X =
{xt}tTgTz
VyeyY ={1,2,..,5}
Xy={xy : 1<t <Ty,y: =y}
Apply K-mean to each X, generates
vyt {nd ng, nE}
Redenote {p1, ..., 115}
Coding {xt}tT;:FIle
Next, we take the advantage of the time information.
ex:

A, (B,B) , (B,B) , (B,B) VAL
€ XB,in € XB.mid € XB,out

where Xp = {z;: 1 <t < T,y = B} = XB,in U XBmid UXB,out-

Apply K-means to X in, XB,mid» XB,out to get v5.

ceey



3 Markov Chain Models

Notations:

e Sx ={s1, 82, ..., 8p}: the state space

{X}L | asequence of Sx-valued random variables defined on a suitable
probability space

{x:}; : a sequence of the outcomes of {X;}]_,

7= (m(i)), = (m(s;)): the initial distribution of {X;}X ;

A = (a;;) € R™*™ : the transition matrix of {X,;}7_,, where a;; = as,s, =
P(X; = s;|Xi—1 = s;) is the probability of going from state s; at time
t — 1 to state s; at time ¢

{X! = z!}: the abbreviation of {X; = x1, Xo = x9, ..., X; = x4}
fort=1,2,...,T.

cess {X;}I_, is called a Markov chain

Definition 3 (Markov Property). A pro
ﬁ ) P(Xy = 24| X1 = a4—1) for ¢t =

if it satisfies P(X; = x| X! =
2,3,...,T.

Thus, we can derive the joint probability distribution of (X7, Xs, ..., X7) by
P(X{ =af)
=P(X; = 1) H;TZQ P(X; = xt|X ﬁ 1) Tower Law
=P(Xy =21) Hthg P(X; = 24| Xy—1 = 24-1) Markov Property

T
= 7'('(],‘1) Ht:2 Azy_yay-
Furthermore, the result is also called the time-homogeneous property.

4 Hidden Markov Models

Notations:

Sx = {s1,...8n}: the hidden state space

Sy = {1, ...u;m }: the observation state space

{X}L, : a hidden state process, that is, a sequence of random variables
taking values in Sx

{x:}L_ | : a realization of the hidden state process {X;}_;

{Y;}E, : an observation state process, that is, a sequence of random
variables taking values in Sy

{y:}L; : a realization of the observation state process {Y;}~ ;

o = (m(i))", = (m(s;))": the initial distribution of {X;} ,



Notations:

o A= (a;;) € R™™: the transition matrix of {X;}/_,, where a;; = a,,5, =
P(X; = s;|X¢—1 = s;) is the probability of going from state s; at time
t — 1 to state s; at time ¢

e B = (bj(k)) € R"™™: the emission matrix of {V;}/_,, where b;(k) =
bs, (vr) = P(Y; = vx| Xy = s;) is the probability of observing the state vy
given by the hidden state s;

Definition 4 (Hidden Markov Model). A process {(X;, Y;)}X; is called a hid-
den Markov model if it satisfies

P(Xy =2, Y =y X{ ' =207 Y =)
=P(Xy = 24| Xy 1 = 2 1)P(Yy = | Xy = 74)
for t =2,3,...,T.
With the previous notations, it can be written as P(X; = z,Y; = yt|Xf_1 =
2y YT =) = e, be, (1)
Some observations of the hidden Markov model:
o {(X;,Y;)}L, is a two-dimensional Markov chain.

o {X;}L | is a Markov chain with initial distribution 7 and transition matrix
A.

e Yi,..., Y7 are conditionally independent given X1, ..., X7, that is, P(Y{{ =
T
y?|X1T = x?) = Ht:1 ba, (t)-

e The joint probability distribution of (X1, Y7, ..., X1, Y1) is
]P)/\(X? = x{vle = y,‘lr) = 7T(‘rl)bﬂé’l (yl)HtT:Q al’t—ll’tbzt(yt)v where A =
(m, A, B) is the parameter of the hidden Markov model.

Here is an example of the hidden Markov model.
Three problems of the hidden Markov models:



1. Scoring: Given the observation {y;}7_; and the parameter A, how do we
compute the score Py (Y{! =yf) ?

2. Decoding: Given the observation {y;}~_; and the parameter \, how do we
choose the corresponding optimal hidden state sequence that is the best
explanation of the observations?

3. Estimation: How do we adjust the parameter A\ to maximize Py (Yl =
yi)?

Since we would like to predict the subjects’ hidden states, our experiment will

follow by estimating the sleeping data, scoring by the forward and backward

algorithm with rescaling, and decoding the hidden state sequence via the Baum-
Welch algorithm.

Proposition 1 (Estimation). Given realizations {x}{_, and {y:}{_,, we es-
timate the transition matric A = (a;;) € R™*™ and the emission matriz B =
(bj(k)) € R™™ by

#({t | Xiep1 =85, Xi = si})
#{t | X¢ = si})

aij =

and
~oon #{E Y=, Xe =s5))
W= T X =)

where #( - ) means the number of the events.

5 Baum-Welch Algorithm

Given a realization {y;}7_, of the observation process {Y;}7_;, we would like to
predict "the most possible outcome” of the hidden state X; at time ¢, denoted
by &¢. That is, #; = argmax, g P(X; = ;| = yT). With some knowledge
of the conditional probability, we can derive that
POYY = yi, Xi = s, Yﬁl = ytT+1)
P(Y{" =yi)
P(YY =yl Xi = s;) POYY = 91, Xo = 5, Vi = yi)
P(Y" =yf) PY =i, Xi = s5)

=C- P(Ylt = y§7Xt = SJ)P(Yth;l = ytT+1|Y1t = yi X = Sj)7

P(X; = si|¥y" = yi) =

where C' = (P(Y{" = y{))~! is independent of the choices of s;.
Therefore, we are curious about the following two quantities.

Definition 5. o ay(j) = P(Y{ = v}, X; = s;): the probability of the prior
observation sequence from 1 to ¢ and the hidden state s; at time ¢

e 3:(j) = P(YL, = y41| X = s;): the probability of the later observation
sequence from ¢ + 1 to 1" given the hidden state s; at time ¢



Previous Data
Observation: (y,,...,¥,)

Hidden: (X500 X,)

Estimate

Transition:

Emission:

(a,)
(b,(k))

New Data
Observation: (yl, ,y/

B.W Algorithm \

Estimated (a,)
Estimated (b, (k))

Hidden: (x1,...,.;(7t')

Then, we now introduce the Baum-Welch Algorithm to decode the optimal

hidden state process {X;}7_;.

Theorem 1 (Baum-Welch Algorithm). & = argmax;cgy o ny @t(5)Be(5) for

t=1,2,..,T.

The procedure of Baum-Welch algorithm is demonstrated by the following

figure.

6 Forward Algorithm

To calculate ay(j) = P(Y{ = v}, Xt = ;) =

the probability of the prior obser-

vation sequence from 1 to ¢ and the hidden state s; at time ¢

(a) Initiation: ¢ =1

al( ) ]P)(Yl—yl,Xl_Sj)_ﬂ—(j) j(yl) fij:1,2,...,TL




(b) Induction: t =2,3,....,T
a(f) =P(Y! = 41, Xi = s;)

zn:P(Yf P=ulh X =Y =yl X =)
i=1
by the partition on X;_1

SR =g X = 5)
PV =yl X =55V =y Xor = 50)
by the conditional probability

:ip(ylt ! _91 ! , X1 = 8;)

P =yl X =55V =y Xemr = 5)
by the hidden Markov model

=3 a_1(d)aibi(ye)
i=1
(¢) Termination:

P(Y!" =) ZQT i)

We conclude the forward algorithm by the following pseudocode.
Theorem 2 (Forward Algorithm).

1. indtial a1 (§) = w(4)b;(y1) for j =1,2,...,n

2. fort=2 : T

Oét Zat 1 azg (yt) fmnj =12,.
i=1

7 Backward Algorithm

To calculate 5,(j) = P(Yh, = yt+1|Xt = s;)= the probability of the later
observation sequence from ¢ + 1 to 7" given the hidden state s; at time ¢

(a) Initiation: ¢t =T,

Br(j)=1for j=1,2,...,n



(b) Induction: t =T —-1,T —2,...,1

= ZP(XtH = S, Y;L = y{sT+1|Xt = Sj)
i=1

= ZP(Xt-H = 80, Yep1 =y [ X = s5)
i—1
x P(Y/ o =yl ol Xi = 85, Xiv1 = 80, Vi1 = Yi41)
= ZP(Xt+1 = 8i, Yir1 = 1| Xe = 3)
i1
x P(Y o = ylol Xi = 85, Xeg1 = 80, Vi1 = Y1)
by the hidden Markov model
=3 P(Xep1 = 5i,Yis1 = yeg1|Xs = 5,)P(V o = v/ ol Xep1 = 50)

i=1

= Z ajibi(yt-i-l)ﬁt-i-l (Z)

i=1

(¢) Termination:

P =yi)=> P(X1=s,Y] =y])

I

s
Il
-

P(X1=5,Y1=y1) P(Ys =93 | X1 =5, Y1 = 1)

I

s
Il
-

by the hidden Markov model

P(X1=s,Y1=y1) P(Ys =y | X1 =si)

|

s
I
-

m(4)bi(y1)B1(4)

I

s
Il
-

We conclude the backward algorithm by the following pseudocode.
Theorem 3 (Backward Algorithm).
1. initial Br(j) =1 forj=1,2,..,n
2. fort:Tn—l 01
Be(3) =D ajibj(yr41)Bera (i) for j=1,2,...n

i=1



8 Rescaling

Goal: to mitigate floating point error as ¢ is large(resp. small) a(j) (resp.B:(5))
is small enough to make «:(j) - B:(j) machine zero.
We multiply «;(j) by a constant depending only on time.

Set

n —1
Ct<2dt(i)> V2<t<T
=1

where G4 (j) is defined as:

() ift =1
ald) = > a1 (i)aibi(y)  if2<t<T
i=1

where &;(i), the value we recorded, is the normalized value of &;(7), i.e.
Gy(i) = Cy - dy(i) and Y ay(i) =1
i=1
And we have the following rescaling of «. (i), and B;(7):

t
(i) = [[ Cr - (i) for i =1,2,....n, t=1,2,..,T
k=1

T
Bi(i) =[] Cr - Bu(i) for i =1,2,...,m, t =1,2,..,T
k=t

The algorithm in code goes as follows:

~ Cl ~ F.W. ~ Cz ~ F.W. CT—l ~ F.W. ~ CT ~
=01 — b — Qg —> g —— ... —— Qp_1 —— ap — G

Cr—1 w.

5 B. Co 5 BW. 5 Ci 4
Br-1 e =5 By =5 B — B

Theorem 4. The Baum-Welch algorithm can be improved by

6T:BT_C‘T_>BTﬂ>/@T—1

&, = argmax oy (§) B (j) = arg max &y (7) B (5)
Proof. Since
t T
a(7)Bi(5) = [ Creni) [ CuBii) = C - Ci [ (5) B (4)]
k=1 k=t
T

where C' = H Cy, and C, Cy are independent of the choice of j. O
k=1



9 Second-order Hidden Markov Models

Now we consider an extension of previous model, we assume that {X;}1 | is a
second-order Markov chain. Also, we impose three assumptions of the extension:

L P(Xy = 2| X{Ty = 75, YV =y ) = P(Xy = 2| X{T5 = 75)

2. P(Y, =yl X{ =2, Y1 =9e1) =P(Ye = | Xy = 2, Vi1 = 1)

3. Py =yl | X = o, Y] = y])
=P =yl Xi =21, Y =)

Notations:

o A" = (a;;) € R"*™: the second stage transition matrix where a;; = a5, =
P(X, = sj|X1 = s;) is the probability of going from state s; at time 1 to
state s; at time 2

e A = (ajjr) € R™™M: the transition matrix of {X;}]_, where a;j; =
Us;s;5, = P(Xy = sp|Xi—2 = 8;,X4_1 = s;) is the probability of going
from state s; at time ¢t — 2 and state s; at time ¢ — 1 to state s at time ¢

e B’ = (bj(k)) € R™*™: the first-observation emission matrix, where b; (k) =
bs, (vr) = P(Y1 = v| X1 = s;) is the probability of observing the state vy
given by the hidden state s;

e B = (bj(k|l)) € R"*™*™: the emission matrix of {Y;}7_,, where b;(k|l) =
bs, (v|vr) = P(Y; = vx| Xy = 55,Y;—1 = vy) is the probability of observing
the state v, at time ¢ given by the hidden state s; at time ¢ and the
observation state v; at time ¢ — 1

As the previous discussion, we would like to extend the Baum-Welch al-
gorithm to the second-order hidden Markov model. Let v(i,5) = P(X¢—1 =
si, X = s5¥]" = yi).
Theorem 5 (Extended Baum-Welch Algorithm). (&¢_1,%¢) = argmax, ; cg. (i, 7)
fort =2,..T—1, & = argmax,cq, >y 1204, k), and ip = argmax, cg, > v7(i, j)-
Since #; will be predicted twice, we let 5:§1) = argmax, cg. s esy V(i)

L2 .
and :cg ) = argmax, cg. >, sy Vt+1(J; k); then choose

%y = arg Inaxiil)ﬂz){zzlzl ’yt(i,igl)), Sohey %H(;z?), k)} fort=2,3,....T — 1.
With some knowledge of the conditional probability, we can derive that

P(Xy1 =si, Xe =55, Y =9, Y = vl )

’Yt(l,j) =
P(YlT = y?)
:P(th = s, Xy = 55, Y] = y})
P(YY" = o)

x P(Y =yl X1 = s, Xe = 55, Y] =9b)
:C X ]P)<Xt71 e Si7Xt — Sj’}/lt = yi)
x P(Y =yl X1 = 50, Xe = 55, Y, = 1),

10



where C' = (P(Y{' = y{))~! is independent of the choices of s; and s;.
Hence, we are curious about the following two quantities.

Definition 6.

o a(i,j) = P(X;—1 = s, Xy = 85, Y{ = yi): the probability of the prior
observation y!, the hidden state s; at time ¢, and s; at time ¢ — 1.
o Bi(i,j) = P(Vh, =y | Xio1 = si, Xy = s;,Ys = y): the probability of
the later observation yi. 1 given the hidden state s; at time ¢
To calculate ay(i,7) = P(X;—1 = s, X¢ = 55, Y{ = y}) = the probability of
the partial observation y} and state s; at time ¢ — 1 and state s; at time ¢.
(a) Initiation: ¢t = 2,

as (i, j) =P(X1 = si, X2 = 55, Y = y7)
=P(Yz = y2| X1 = 54, X2 = 55, Y1 = 91)
X P(Xg = sj|X1 =5, Y1 = y1)P(Y1 = 11| X1 = 5)P(X71 = s5)
=P(Yz = ya| Xo = 55, Y1 = 41 )P(X2 = 55| X1 = sy)
x P(Y1 = 51| X7 = ) P(X1 = s5)
=b;(y2y1)ai;bi(y1)7 (i)
(b) Induction: ¢t = 3,4,...,T
i (j k) =P(Xi—1 = 55, Xo = 55, Y{ = y1)
= Y P(Xyo =5, X1 =55, Xy = 53,V =)
5i€5x
Z P(Xi—o =i, X4o1 = 5, Y/ P =91
$;€Sx
X P(Xy = 51, Ve = yel Xo o = 55, Xy = 55, Y =971
> a1 (6, )P(Xy = k| Xy =50, Xo1 =5, Y P =yl
s;€Sx

X P(Yf, = yt|Xt—2 =5, X1 = SjaXt = Slelt_l = yi_l)
> o1 (iyfaijrbr(yelye-1)

5,€Sx

(¢) Termination:

P =yl)= > ar(ij)

$i,5;€Sx
We conclude the forward algorithm by the following pseudocode.
Theorem 6 (Extended Forward Algorithm).

1. initial: (i, j) = 7(i)aijbi(y1)b; (y2|y1)

11



2. fort =38:T
(k) = >, cgy at—1(4,5)aijkbk (Ye|ye—1)

To calculate B;(i,j) = P(YY, = yl 1| Xe—1 = si, Xy = s;,Y{ = y}) = the
probability of the partial observation sequence from time ¢+ 1 to T, given state
s; at time ¢ — 1, state s; at time ¢ and observation at time ¢.

(a) Initiation: ¢t =T

Br(i,j) =
(b) Induction: t =2,3,....T — 1

Bi(i,5) =PV, =y | X1 = 8, Xo = 55, Yy = )
= > PYE =yl X = skl X =85, X = 55, = )
sLESx

= > POV =ylal X1 =50, Xi = 55, Xep1 = s, YT =yt
sKESX
XP(Yi1 = yer1| Xom1 = 54, Xy = 55, X1 = 55, Ve = 1)
X P( X1 = skl Xio1 = 56, Xe = 55, Y = yt)
= Z P(Ygu = l/tT+2|Xt =85, X1 = SkaYttH = yi“)
sLESX

X P(Yit1 = yer11 X1 = 88, YVi = 9)P(Xpp1 = 53| Xio1 = 84, Xi = Sj)
= Z Bri1 (G, k)b (Y1 [ye) aijin

sLESX

(¢) Termination:

M=

l
—

P(Y, =yi)= P(X1 = s, Xo =5, Y] =9)

]

M=

P(Ys = y3 | X1 = si, X2 = 5, Y7 = 47)
1

,J
x P(X1 = 8;, Xo = 55, Y = y})

N
= Z Ba (i, §)bj(y2ly1)aijb;(yi)m (i)

We conclude the backward algorithm by the following pseudocode.
Theorem 7 (Extended Backward Algorithm).

1. initial: Br(i,j) =1

12



2. fort =T-1:1

Be(i, J) = D s, csy Wijkbk(Yer1lye) Bev1(d, k)

Similar to the original rescaling, we set

-1
N

Co=| Y aui,j
ij=1
Proposition 2. &, (i,5) = [[t_, Crau(i-j) fori=1,2,...n, t =1,2,..,T
Proposition 3. Bt(i,j) = H;‘::t CiB:e(i,j) fori=1,2,...n,t=1,2,..,T
Note that &;(i,j) and Bt(i,j) are not small enough to be machine zero

Theorem 8. For these new (scaled) value, the Baum-Welch algorithm holds,
that is,

Ty = argmaxaf(z §)Be(i,j) = argmaxozt(z ])6 (4, 7).
i, i,
Proof.

T
&y (i, 5)B HCkatw HCkBMJ
=t

— C’ . C’t ca(.9) - Be(1,7),
where C' = H:ZQ Ck-

10 Experiment

Given 39 subjects’ sleeping data, including feature and label

feature € R*2308x10
feature 38 € R41280x10

feature 39 € R1028x10

label € {Awake, REM, N1, N2, N3}2308
label 38 € {Awake, REM, N1, N2, N3}41280
label 39 € {Awake, REM, N1, N2, N3}1928
we apply method 1 and 2 and then compare the results

e Use the first 38 subjects’ data as a training set to run K-means
e Set K=15.

e Estimate the first 38 subjects’ observation state

13



The distribution of 38 subjects label The distribution of the 39th subjects label

N gades) AWAKE (15.08%) 3 (14.30%)

AWAKE (19.69%)

REM (18.28"

N2 (41.91%) N1 (5.54%)

N2 (48.35%)
N1 (6.65%)

Figure 1: The distribution of 38 sub-Figure 2: The distribution of the 39th
jects’ labels subject’s labels

e Use the 15 means to classify the 39*" subject’s data and get the observation
data.

e Use the first 38 subjects’ data to compute the transition matrix and emis-
sion matrix.

e Apply to the 39*" subject’s observation data and get the prediction of the
39*" subject’s hidden state.

e Compute the accuracy .

e Get the first 38 subjects’ labels and collect every category.
e Run K-means on each category (Kyew=3).

9th

e Use the 15 means to classify the 39*" subject’s data and get the observation

data.

e Use the first 38 subjects’ data to compute the transition matrix and emis-
sion matrix.

e Apply to the 39*" subject’s observation data and get the prediction of the
39*" subject’s hidden state.

e Compute the accuracy.

11 Visualization

Accuracy of method 1 = 0.7802 Accuracy of method 2 = 0.7879
Accuracy of method 1 = 0.8239 Accuracy of method 2 = 0.8084

14
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Figure 7: recall of method 1 Figure 8: recall of method 2
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Figure 13: recall of method 1 Figure 14: recall of method 2
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12

Conclusion

For the first-order HMM

From accuracy viewpoint, method 2 is better than method 1.

From precision viewpoint, the performance on REM ,N1,N2 N3 of method
2 is better than method 1.

From recall viewpoint, the performance on N1,N2 N3 of method 2 is better
than method 1.

The performance on the third class of both methods is not as well as our
expectation.

For the second-order HMM

13

From accuracy viewpoint, method 1 is better than method 2.

From precision viewpoint, the performance on AWAKE REM,N3 of method
1 is equal or better than method 2.

From recall viewpoint, the performance on AWAKE REM,N2 of method
1 is better than method 2.

The performance on the third class of both methods is not as well as our
expectation.

The accuracy of both method 1 and 2 are higher than first-order HMM.

Improvement

Since our methods to classification don’t take time effect into account, we
can’t figure out the time relation between each data point after clustering.

One may use method 3 to take time effect into account and compare the
result to the previous.

Since the limit of the hidden Markov models, one may consider a more
complicated model, take more information into account, and compare the
result to the previous.
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